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Now onto to the 3D world 
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Rotate Frame 

 

 

 

 

 

 

Rotate vector 

 Rotations are represented by 
matrices of the group SO(2) 

 Determinant is 1, A-1=AT, 
A.AT=Id 

 Passive Convention: Rotations 
of a frame (fixed point) 

 Active Convention: Rotations 
of a vector (fixed frame) 

 One is the transpose of the 
other (for theta > 0) 

 







Reaching around a physical obstacle 





Special Orthogonal SO(2) Group 
 
A’=A

-1 

 
 
Det(A) = +1 



Determinant in 2D = Area inside the Parallelogram 
From the row vectors of the matrix A 
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Linear transformation of a square 



Determinant in 3D = Volume inside the Parallelepiped from the row vectors of the matrix A 
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Rule of Sarrus 



Geometric interpretation of the Determinant in the 3D case: 
A linear transformation of a cube, then take the volume of that 
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Recall that: 
 
Dot product measures “parallelness” 
 
Cross Product measures “perpendicularity” 



Special Orthogonal SO(3) Group 

 Determinant  is  +1  (Proper Rotations only) 

 

 Transpose R = the Inverse R: R . RT = Id 

 

 The product of two orthogonal matrices is orthogonal (all 
orthogonal matrices form a group O3) 

 

 The set of proper rotations (det +1) is the  SO(3) group 

 

 The cols and rows of SO3 matrices are orthonormal  



Three parameterizations  
of the SO(3) group 

 Three Euler Angles 

 

 

 (Unit) Vector, Angle  R(θ n) 

 

 

 Euler-Olinde Rodrigues (Quaternions) 

 

Leonard Euler 
Swiss 

Sir Rowan Hamilton 
Irish 



Range of Angles 

The identity lies in the middle of it 

Conventions: 
 
Active Convention (the vector moves, transform the vectors of the space) 
Passive Convention (the frame moves, transform the frame)  
 
Notation: 
α, β, γ 
 
E.g. R(α, β, γ) = R(γz) R(βy) R(αx) 
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Rotate around X by angle α Rotate around Z by angle γ 

Rotate around Y by angle β 

Euler Angles 
Orthogonal 
Matrices in 
SO(3) 



Angle Vector  Parameterization: 
 
Statement of the Problem: Given a (rotation) matrix in SO(3) e.g. A(γ,z) find  
the angle of rotation γ about the unitary vector n 
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